As reported by Bisabr [Phys. Rev. D 82, 124041 (2010)] the f (R) gravity models designed in Einstein conformal frame are tantamount to standard GR together with a minimally coupled scalar field. The coupling between the dark matter and this scalar field along with the interaction term is stated by the conformal factor. We maneuvered this interaction term in finding suitable f (R) gravity models capable of expounding the coincidence problem.
I. INTRODUCTION
Dark energy is a mysterious form of energy permeating all of space with an anti-gravity effect fueling the acceleration of the universe [2] [3] [4] . This enigmatic entity is the most dominant form of energy with a near 70% share of the total energy budget of the universe [5] . The most popular model for dark energy is the cosmological constant "Λ" originally postulated by Einstein [6] which he later regretted.
However hitherto no forms of dark energy have been observed which ushered many authors to modify the geometrical part of the field equations keeping the matter sector unchanged. Some of the well received modified gravity theories are f (R) gravity by Buchdahl [7] , f (T ) gravity by Femaro [8] , f (R, T ) gravity by Harko [9] and f (G) gravity by Nojiri [10] .
f (R) gravity gained mainstream polularity following pioneering works by Starobinsky in modeling inflationary scenarios [11] . Several f (R) gravity models are known to explain the accelerated expansion of the universe [12] . Viability of f (R) gravity models have been derived in [13] . Solar System experiments impose severe weak field constraints on f (R) gravity thus ostracizing most of the models published heretofore [14] [15] [16] [17] [18] [19] [20] , nonetheless some models still hold their feasibility [21] [22] [23] [24] [25] [26] [27] [28] . Readers are encouraged to see [29] [30] [31] [32] for recent reviews on f (R) gravity.
Cosmology is muddled by a good deal of problems owing to the concealed nature of the cosmological constant. One of them being the so called "coincidence problem" which is concerned with the energy densities of dark matter (ρ m ) and dark energy (ρ ϕ ). Interestingly the ratio of their energy densities are of the same order at the present epoch regardless of the fact that both of these quantities evolve distinctively due to the acceleration of the universe. Adjacent to the possibility that the present epoch may be an inert regime at which the ratio of the two energy densities are constant, it is also possible that we live in a transient epoch at which the ratio varies slowly with respect to the expansion of the universe and hence arises the problem of coincidence [1] .
Many authors considered an unknown type of interaction between dark matter and dark energy which can lead to scale dependent evolution of their energy densities [33] [34] [35] [36] [37] [38] [39] . The coincidence problem was addressed by Bisabr [1] in f (R) gravity, Rudra [40] [41] [42] in f (T ) gravity, f (G) gravity and in f (R, T ) gravity. In this paper we follow the prescription of [1] who derived an equation conferring the evolution of the parameter r = ρ m /ρ ϕ . We use this framework in proposing two new suitable f (R) gravity models yielding a constant scale dependent energy density ratio (r) at late-times.
The paper is organized as follows: In Section II we provide an overview of f (R) gravity formulated in Einstein conformal frame and present an expression of the coupling term between dark matter and dark energy. In Section III we introduce the coincidence problem and present two suitable f (R) gravity models competent in elucidating the coincidence problem at the present epoch. Finally in Section IV we present our conclusions.
II. THEORY
The action in f (R) gravity for a Jordan frame reads
where G is the universal gravitational constant. We shall assume G = 1. g is the determinant of metric g µν and S m represents the action of non-baryonic dark matter which is a function of g µν and a scalar field ψ. According to Dolgov-Kawasaki instability [43] there exists some serious constraints on the forms of acceptable f (R) gravity models.
Such constraints demand a positive first and second order derivatives of f (R) with respect to R. The positivity of the first order derivative fortify that scalar degree of freedom is not tachyonic while positivity of the second derivative establishes the fact that graviton is not a ghost particle [1] . Due to equivalence of f (R) gravity to being a scalar field minimally coupled to gravity with an appropriate potential function, we introduce a new set of variables
where Φ = df /dR = f R and β = 1/6. This being a conformal transformation transforms the action into the following action in Einstein frame [44] [45] [46] 
The scalar field ϕ in Einstein frame reads
The conformal transformation generates a coupling between ϕ with matter with identical strength β = 1/6 for all matter fields [1]. Variation withḡ µν yieldsḠ
are energy-momentum tensors of scalar field and matter. The trace of equation (6) is obtained as
Variation of action (4) with respect to ϕ yields
We note thatT ϕ µν &T m µν are not conserved separately but rather satisfy
We now consider a spatially homogeneous flat space-time described by FLRW metric of the form
where a(t) represents scale factor. Before applying the field equations to this metric we considerT m µν andT ϕ µν to be the energy momentum tensors of a perfect pressure less fluid with energy densityρ m and a perfect fluid with pressure p ϕ = 1/2φ 2 − V (ϕ) and energy density ρ ϕ = 1/2φ 2 + V (ϕ) respectively. Finally equations (6) & (10) take the form
where (11) and trace of (9) give
where
represents the interaction term which vanishes when ϕ = constant. This happens when f (R) is linearly dependent on R according to equation (3) . The sign ofφ or B also governs the direction of transfer of energy. Forφ < 0, the energy gets transferred from dark matter to dark energy and reverse happens whenφ > 0.
III. SOLUTION TO COINCIDENCE PROBLEM
The coincidence of similar energy densities between dark matter and dark energy is one of the cardinal hallmarks of cosmological constant problem [47, 48] . Different models have been proposed to suffice this observation by considering an interaction between these two components [33, 36] which lead to a net energy transfer between them and thus they are not conserved separately. As a result of which the relative energy densities scale in the same way at all epoch. The aim of this work is to find an interaction term which can give birth to a ratio of constant energy densities between dark matter and dark energy. However due to the absence of any fundamental theory describing such interactions we are forced to assume an interaction and adjust it to fit the observations [1].
Since in f (R) gravity the interaction between matter and scalar field is fixed by the conformal transformation, we may therefore pursue a suitable form of function f (R) which freezes the ratio of energy densities of these dark components of the universe. With this in mind we try to find some appropriate forms of function f (R) for which r ≡ ρ m /ρ ϕ remain constant at all times.
Differentiating r with time, we obtainṙ
From equations (17), (18) & (19) we obtainṙ = β √ 8πφr(r + 1) + 3Hω ϕ r
Time derivative of Hubble parameter can be expressed aṡ
Substituting this to equation 14 yields
Finally by substituting equations 13, 23 into 21 leads tȯ r = rH(r + 1)(2q − 1) + β √ 8π(r + 1)r (24) Combining equations (5), (13) & trace of (16) giveṡ
Plugging this to equation (24) yields an expression which relateṙ with parameters H, q and r. For the universe to advance towards a stage of constant r or varying slowly with time than the scale factor, boils down to the following equation (27) and r s represents stationary value of r. We now can apply a suitable form of function f (R) to equation (26) which can satisfy the constant late-time ratio energy density. Alternatively, one may start with plugging in some f (R) model directly in the action (1) and obtain viable forms of H(z) and q(z) from solving the field equations. However due to complications involved in solving the field equations this method is not very fruitful. Thus following the approach of [1] we start from best fit parametrization q(z) obtained first-hand from data and employ this q(z) for a particular f (R) function in equation (26) . For a given redshift z * , the parameters q(z * ), r s (z * ) and H(z * ) and equation (26) constrain the form of function f (R). For the purpose of illustration we register this constraint to some forms of f (R). We note that at late-times signalized by z = z * we obtainṙ = 0 and denote r s = r * . Thus re-writing equation (26) as
Here, f * , f * represent late-time configurations of f (R) and f (R) which we obtain by substituting R as
at the redshift z * . We note that the equation (26) governs the parameterization of any f (R) gravity model by coupling the constants H * , r * , q * with corresponding parameters of f (R). We now show two f (R) gravity models for characterizing q(z) [49, 50] 
Fitting this model to Gold data set yields q 1 = 1.47 & q 2 = −1.46 [50] and z * = 0.25 [1] . Plugging all these into equation (31) gives q * ∼ = −0.2. We take r * = 3/7 [51] [52] [53] and H * = 70 according to recent observations [57] .
A. Model I For our first model, we assume
where σ 1 , σ 2 , σ 3 , α & β are constants such that f (R) and f (R) are positive and hence satisfying the DolgovKawasaki instability [43] . In Figure [1] , we see that M vanishes only when 0 ≤ α ≤ 1.2 and 1.1 η 1.25 are satisfied simultaneously. For α ≥ 1.2 we obtain unsatisfactory results as M becomes a complex number. For the sake of simplicity we put σ 1 = σ 2 = σ 3 = 1. However one must note that for different σ i values where (i = 1, 2, 3) the function M may get nullified for different values of α and η other than the values we report here. Therefore equation (32) can be a viable f (R) gravity model to suffice the coincidence problem.
B. Model II
In the second case, we consider
Here again σ, α & η have to chosen such that f (R) and f (R) are positive. In Figure [ 
IV. CONCLUSIONS
As reported by [1] in Einstein frame portrayal of f (R) gravity models, the scalar partner of the metric tensor couples with non-baryonic (dark) matter in such a way that the interaction term is anchored by the conformal transformation. This implies that the ratio of energy densities of the scalar field and dark matter scale dependently.
We followed the prescription of [1] to exploit this feature in addressing the coincidence problem. The interaction term B connecting dark energy and dark matter can be represented in terms of f (R), f (R) andṘ. However due to stability considerations, any viable f (R) gravity model must assure f (R) > 0 and f (R) > 0 [1, [54] [55] [56] . Thus energy is transferred from one entity to another depending on the sign ofṘ. PositiveṘ signify transfer of energy from scalar field (dark energy) to dark matter and contrariwise.
We exercise the equation derived by [1] giving the evolution of the parameter r = ρ m /ρ ϕ in finding suitable f (R) gravity models satisfying (28) and thus yielding a constant scale dependent energy density ratio (r) at late-times.
We considered two f (R) gravity models represented as f (R) = σ 1 R + σ 2 R α + σ 3 R η and f (R) = σR α + e ηR respectively. We report that there exist suitable parameter spaces where both the models can be utilized in straightening out the coincidence problem.
